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MAXIMAL FAMILIES OF NODAL VARIETIES WITH
DEFECT
REMKE KLOOSTERMAN
Abstract. In this paper we prove that a nodal hypersurface in P4 with
defect has at least (d − 1)2 nodes, and if it has at most 2(d− 2)(d− 1)
nodes and d ≥ 7 then it contains either a plane or a quadric surface.
Furthermore, we prove that a nodal double cover of P3 ramified along
a surface of degree 2d with defect has at least d(2d − 1) nodes. We
construct the largest dimensional family of nodal degree d hypersurfaces
in P2n+2 with defect for d sufficiently large.
1. Introduction
Let n ≥ 3 be an odd integer and c be a positive integer. Let 1 ≤ w0 ≤
· · · ≤ wn+c and 2 ≤ d1 ≤ · · · ≤ dc be integers. For a nodal complete in-
tersection X ⊂ P(w0, . . . , wn+c) =: P of multidegree d1, . . . , dc we define
the defect of X to be hn+1(X) − hn−1(X). In this paper we consider the
following problem of determining the minimal number of nodes to have pos-
itive defect. In this generality the problem is too hard. In the sequel we
concentrate on the two special cases: hypersurfaces in Pn+1 and double
solids, i.e., hypersurfaces of degree 2k in P(k, 1, 1, 1, 1). In subsequent pa-
pers we will discuss the case of three-dimensional complete intersections in
P3+c and of elliptic threefolds over P2, i.e., hypersurfaces of degree 6k in
P(2k, 3k, 1, 1, 1).
We start by recalling some previous results on this problem. For hyper-
surfaces in P4, Cheltsov showed that the minimal number of nodes to have
defect is (d − 1)2 [2] and that if X has defect and (d − 1)2 nodes then X
contains a plane [3]. This improves a previously known bound by Ciliberto
and Di Gennaro [4]. Ciliberto and Di Gennaro showed that if a hypersurface
with defect has at most 2(d− 2)(d− 1) nodes and the defect is caused by a
smooth surface, then X contains either a plane or a quadric surface.
To illustrate our methods we start by giving a new proof of Cheltsov’s
theorem
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Theorem 1.1 (Cheltsov [2, 3]). Let X ⊂ P4 be a nodal hypersurface of
degree at least 3. Assume that h4(X) ≥ 2. Then X has at least (d − 1)2
nodes. Moreover, if equality holds then X contains a plane.
We included this proof because it is a good illustration of our techniques
and is significantly different from the one Cheltsov gave.
For fixed integers n and d let DEFd ⊂ C[x0, . . . , x2n+2]d be the locus of
polynomials f such that V (f) is a nodal hypersurface with defect.
Theorem 1.2. Fix n ∈ N, n ≥ 2. Then there exists a D such that
codimL ≥
(
d+ n+ 1
n+ 1
)
− (n + 1)(n+ 2)
holds for every d > D and every irreducible component L of DEFd.
Moreover, if n = 1 or Conjecture 1 of [14] holds then we can take D = 2
and any hypersurface in DEFd has at least (d− 1)
n+1 nodes.
Otwinowska showed that [14, Conjecture 1] is implied by the Conjecture
of Eisenbud, Green and Harris on the Hilbert functions of an ideal containing
a complete intersection ideal.
We also consider the case of double covers of P3. In this case we recover
a result by Cheltsov:
Theorem 1.3 (Cheltsov [1]). Let f ∈ C[x0, x1, x2, x3] be a homogeneous
polynomial of degree 2d such that V (f) is a nodal surface. Let X : y2 = f
be the double cover branched along V (f). Suppose h4(X) > 1. Then X has
at least d(2d− 1) nodes.
In the case of hypersurfaces in P4 we prove the Ciliberto-Di Gennaro
conjecture for d ≥ 7:
Theorem 1.4. Let X ⊂ P4 be a nodal hypersurface of degree at least 7.
Suppose that X is non-factorial and that X has at most 2(d − 2)(d − 1)
nodes then either X contains a plane and has (d− 1)2 nodes or X contains
a quadric surface and has at least 2(d− 1)(d − 2) nodes.
We will now briefly discuss the strategy of proof. To reprove Cheltsov’s
result we use the following strategy: Let I be the ideal of the nodes of X,
where X is a nodal hypersurface with defect. Let H = V (ℓ) be a general
hyperplane then X ∩ H is smooth. In particular the ideal IH := (I, ℓ)
defines an empty scheme. Since X has defect this implies that the Hilbert
polynomial of I and the Hilbert function of I are different in degree 2d− 5.
From this it follows that hIH (2d − 4) 6= 0 holds. Since the partials of the
defining equation forX are contained in Id−1, it follows that Id−1 has finitely
many base points. Therefore Id−1,H is base point free. A combination of
results from Macaulay and Gotzmann on which functions occur as Hilbert
functions of ideals yields that hIH (k) ≥ k + 1 for k ≤ d − 2 and that
hIH (k) ≥ 2d − 3 − k, for d − 1 ≤ k ≤ 2d − 3. The observation pI ≥
hI(2d − 4) ≥
∑2d−4
k=0 hIH (k) finishes the proof. The ideal IH is very similar
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to the ideal used by Green [10] to determine the largest component of the
Noether-Lefschetz locus of surfaces in P3.
The other proofs are variations of this idea. In the case of an hypersurface
in P2n+2 with n ≥ 2, Macaulay’s result is not strong enough to obtain
the desired lower bound. In this case we use a result by Otwinowska [14]
instead. However this result bounds hIH (k) only in a certain interval. This is
sufficient to detect the largest dimensional component, but not to establish
the minimal number of nodes. If one assumes a conjecture from [14], then
one obtains the desired lower bound for the number of nodes. The double
solid case is very similar to the case of hypersurfaces in P4 and we will not
comment on this.
The paper is organized as follows. In Section 2 we recall several stan-
dard results on the Hilbert functions of ideals. In Section 3 we recall some
standard results on the cohomology of nodal complete intersections. In par-
ticular, we present a formula to calculate the defect of a nodal hypersurface.
In Section 4 we prove the results for the hypersurfaces and in the double
covers, except for the Ciliberto-Di Gennaro conjecture, which is proven in
Section 5.
2. Macaulay’s and Green’s result
Let S = C[x0, . . . , xn] and let I ⊂ S be a homogeneous ideal. Let hI be
the Hilbert function of I, i.e., hI(k) = dim(S/I)k.
Let d ≥ 1 be an integer. Let c := hI(d). We can write c uniquely as
c =
d∑
i=1
(
i+ ǫi
i
)
with ǫd ≥ ǫd−1 ≥ ... ≥ ǫ1 ≥ −1. We call this the (Macaulay) expansion
of c in base d. This expansion can be obtained inductively as follows: The
number ǫd is the largest integer such that
(d+ǫd
d
)
≤ c. The numbers ǫi for
i < d are the coefficients in the expansion of c−
(
d+ǫd
d
)
in base d− 1.
Using the Macaulay expansion of c we define the following numbers:
c〈d〉 :=
d∑
i=1
(
i+ ǫi + 1
i+ 1
)
, c〈d〉 :=
d∑
i=1
(
i+ ǫi − 1
i
)
, c∗d :=
d∑
i=2
(
i+ ǫi − 1
i− 1
)
.
Note that c 7→ c∗d, c 7→ c
〈d〉 and c 7→ c〈d〉 are increasing functions in c.
Recall the following theorem by Macaulay:
Theorem 2.1 (Macaulay [13]). Let V ⊂ Sd be a linear system and c =
codimV . Then the codimension of V ⊗C S1 in Sd+1 is at most c
〈d〉.
We apply this result mostly in the case where V is the degree-d part of
an ideal I. In this case we can also obtain information on hI(d− 1).
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Corollary 2.2. Let I ⊂ S be an ideal, d ≥ 2 an integer and c := hI(d).
Then
hI(d− 1) ≥ c∗d.
Moreover, if ǫ1 is nonnegative then hI(d− 1) > c∗d holds.
For small c we have the following Macaulay expansions in base d:
• For c ≤ d we have ǫd = · · · = ǫd−c+1 = 0 and ǫd−c = · · · = ǫ1 = −1.
Hence c〈d〉 = c.
• For d+ 1 ≤ c ≤ 2d we have ǫd = 1, ǫd−1 = · · · = ǫd−a = 0, ǫd−a−1 =
· · · = ǫ1 = −1, where a = c− d− 1. Hence c
〈d〉 = c+ 1.
• For c = 2d + 1 we have ǫd = ǫd−1 = 1 and all other ǫi equal −1.
Hence c〈d〉 = 2d+ 3 = c+ 2.
Applying the previous corollary repeatedly yields
Corollary 2.3. Let I ⊂ S be an ideal, d ≥ 2 an integer and c := hI(d). For
0 ≤ k ≤ d we have that
hI(k) ≥


min(c, k + 1) if c ≤ d;
min(k + (c− d), 2k + 1) if d+ 1 ≤ c ≤ 2d;
2k + 1 if c = 2d+ 1.
The following result will be used to detect the Hilbert polynomial of the
ideal generated by Id:
Theorem 2.4 (Gotzmann [8]). Let V ⊂ Sd be a linear system and let J ⊂ S
be the ideal generated by V . Set c = hJ(d). If hJ(d + 1) = c
〈d〉 then for all
k ≥ d we have hJ (k + 1) = hJ(k)
〈k〉. In particular the Hilbert polynomial
pJ(t) of J is given by
d∑
i=1
(
t+ ǫi
t
)
and the dimension of V (J) equals ǫd.
We use this result mostly in the case where c ≤ d:
Corollary 2.5. Let I ⊂ S be an ideal such that hI(d) ≤ d and Id+1 is base
point free. Then for all k ≥ d we have hI(k + 1) < hI(k) or hI(k) = 0.
Proof. It suffices to prove the Corollary for k = d. If hI(d) = 0 then hI(k) =
0 for all k ≥ d and we are done. Suppose now that hI(d) > 0. Let I
′ be the
ideal generated by Id. From hI′(d)
〈d〉 = hI′(d) it follows that hI′(d + 1) ≤
hI′(d). If the inequality is strict then we are done, since hI(d+1) ≤ hI′(d+1).
Suppose now that hI′(d + 1) = hI′(d) holds. Then Theorem 2.4 implies
that the Hilbert polynomial of I ′ equals hI′(d). Hence I
′
d+1 has a base locus.
Since I ′d+1 ⊂ Id+1 and Id+1 is base point free it follows that
hI(d+ 1) < hI′(d+ 1) ≤ hI(d).

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A final result of this type that we use is
Theorem 2.6 (Green, [9]). Let V ⊂ C[x0, . . . , xn]d be a linear system of
codimension c. Let H = {ℓ = 0} be a general hyperplane. Then the restric-
tion of V to H has codimension at most c〈d〉 in (C[x0, . . . , xn]/ℓ)d.
3. Nodal complete intersections
Notation 3.1. Let n = 2k + 1 be a positive odd integer, c be a positive
integer, and (w0, . . . , wn+c) a sequence of positive integers. Let us denote
with P := P(w0, . . . , wn+c) the associated weighted projective space. Let
S = C[x0, . . . , xn+c] be the graded polynomial ring such that deg xi = wi.
Definition 3.2. We say that a codimension c complete intersection X ⊂ P
is a nodal complete intersection of codimension c, if
(1) for all p ∈ Psing ∩X we have that X is quasi-smooth at p and
(2) for all p ∈ Xsing\(Psing∩X) we have that (X, p) is an A1-singularity.
Let Σ denote the set Xsing \ (Psing ∩X).
Proposition 3.3. Let X ⊂ P be a nodal complete intersection of codimen-
sion c then for i < n
dimH i(X) = dimH i(P).
Moreover, for i < n− 1 we have
dimH i(X) = dimH2n−i(X).
Proof. The first equality follows from the Lefschetz hyperplane theorem [6,
Theorem 4.2.6]. To prove the second equality we consider a partial resolution
of singularities of X:
Since X is quasismooth outside Σ we have that for all i 6= 2n and for all
p ∈ X \ Σ the group H ip(X) vanishes. Let X˜ be the blow up of X along Σ.
Then X˜ is smooth along the exceptional divisor. In particular, for all p ∈ X˜
we have that H ip(X˜) = 0 if i 6= 2n. This implies that X˜ is Q-homology
manifold and satisfies Poincare´ duality.
Consider the Mayer-Vietoris sequence associated with the discriminant
square [16, Corollary-Definition 5.37]
· · · → H i(X)→ H i(X˜)⊕H i(Σ)→ H i(E)→ H i+1(X)→ . . .
This is an exact sequence of mixed Hodge structures.
The exceptional divisor E is the disjoint union of #Σ smooth quadrics
in Pn. Thus its cohomology can be nonzero only in even degree between 0
and 2n − 2. Let Ej and Ek be distinct irreducible components of E. For i
even between 2 and 2n − 2 consider c1(Ej)
i/2 ∈ H i(X˜). Then c1(Ej)
i/2 is
mapped to zero in H i(Ek) and to a nonzero element of H
i(Ej). If i 6= n− 1
then H i(Ej) is one-dimensional and therefore the map H
i(X) → H i(E) is
surjective for even i, different from 0 and n − 1. From this it follows that
the above long exact sequence splits in the following exact sequences:
6 R. KLOOSTERMAN
• 0→ H0(X)→ H0(X˜)⊕H0(Σ)→ H0(E)→ 0;
• 0 = H i(X) ∼= H i(X˜) for i odd, different from n;
• 0→ Q = H i(X)→ H i(X˜)→ H i(E)→ 0 for even i different from 0
and n− 1;
• 0→ Hn−1(X)→ Hn−1(X˜)→ Hn−1(E)→ Hn(X)→ Hn(X˜).
Since E is a disjoint union of smooth quadrics it follows that hi(E) =
#Σ = h2n−i(E) for i 6= 0, n − 1, n + 1, 2n. From Poincare´ duality it follows
that hi(X˜) = h2n−i(X˜) for all i. Combining this yields that that hi(X) =
h2n−i(X) for i 6= 0, n − 1, n+ 1, 2n.
To finish the proof, note that we showed that h0(X) = h0(X˜) = 1 and
h2n(X) = h2n(X˜) = 1. 
The proof of the above result suggests that hn+1(X,Q) may be strictly
larger than hn−1(X,Q).
Definition 3.4. The defect δ of X equals hn+1(X,Q)− hn−1(X,Q).
Remark 3.5. If n = 3 then δ equals the rank of the group CH1(X)/Pic(X).
Since this group is free, δ measures the failure of Weil divisors to be Cartier.
Lemma 3.6. Let X be a nodal complete intersection. Let D be the equisin-
gular deformation space of X. Then the locus
{X ′ ∈ D | δ(X ′) = δ(X)}
is a Zariski open subset of D.
Proof. Let (Xt)t∈U be an equisingular deformation of X. Possibly after
shrinking U , we have that Xt has the same number of nodes for all t ∈ U .
Blowing up these nodes simultaneously yields a flat family X˜t of smooth
projective varieties. Hence Hn+1(X˜t) is independent of t. Let E be the
exceptional divisor of the blow-up of a node, and let s the number of nodes
of X. As in the proof of Proposition 3.3 we can consider the Mayer-Vietoris
sequence associated with the discriminant square. This time we take also
into account the Hodge structures. We obtain the following exact sequence
0→ GrWn+1H
n+1(Xt)→ H
n+1(X˜t)→ H
n+1(E)⊕s → Hn+2(Xt).
Since Xt is a nodal hypersurface and n is odd we have that H
n+2(Xt) = 0.
Since all singularities of Xt are nodes or induced by the ambient space it
follows that Hn+1(Xt) has a Hodge structure of pure weight n + 1. This
yields
hn+1(Xt) = h
n+1(X˜t)− s · h
n+1(E).
Both terms on the right hand side are independent of t, hence so is hn+1(Xt).
By Proposition 3.3 we have hn−1(Xt) = 1 for all t and hence δ(Xt) =
hn+1(Xt)− h
n−1(Xt) = h
n+1(Xt)− 1 = h
n+1(X)− 1 = δ(X). 
One can express δ in terms of the Hilbert function of the ideal of the
nodes. Suppose now that c = 1, i.e., X is a hypersurface. Set m := n+1
2
.
The following result is [5, Proposition 3.2]:
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Proposition 3.7. Let X ⊂ P be a nodal hypersurface. Let Σ ⊂ P be the
locus of the nodes of X. Then
δ(X) = #Σ− dim(S/I(Σ))md−
∑
wi .
4. Hypersurfaces with defect
We will use the results from the previous section to reprove the following
result by Cheltsov on the minimal number of nodes to have defect:
Theorem 4.1 (Cheltsov, [2, 3]). Let X ⊂ P4 be a nodal hypersurface of
degree at least 3. Assume that h4(X) ≥ 2, i.e., that X has defect. Then X
has at least (d−1)2 nodes. If X has precisely (d−1)2 nodes then X contains
a plane.
Proof. Without loss of generality we may assume that XH = X ∩ V (x4) is
smooth. In particular, none of the nodes of X is contained in V (x4). Set
R = C[x0, x1, x2, x3, x4] and S = C[x0, x1, x2, x3]. Let I ⊂ R be the ideal
of the nodes of X. Since X has defect it follows from Proposition 3.7 that
hI(2d− 5) < pI(2d− 5).
Let IH ⊂ S be the ideal obtained by substituting x4 = 0 in I. From the
fact that none of the nodes of X is contained in V (x4) it follows that the
following sequence is exact:
0→ (R/I)k−1
x4→ (R/I)k → (S/IH)k → 0.
If hIH (2d−4) vanishes then we have hIH (k) = 0 for k ≥ 2d−4. In particular,
hI(k) = hI(k + 1) for k ≥ 2d − 5. Since we know that hI(2d − 5) <
pI(2d−5) this cannot be the case and hence hIH (2d−4) > 0 holds. Fix now
a codimension one subspace W of S2d−4 containing (IH)2d−4. Define I
′ ⊂ S
by I ′e = {g | gS2d−4−e ⊂W} if e ≤ 2d− 4 and I
′
e = Se for e ≥ 2d− 3. Then
I ′ is an ideal, containing IH . Moreover S/I
′ is a Gorenstein ring with socle
degree 2d− 4. In particular, hI′(k) = hI′(2d− 4− k).
Let f be a defining polynomial for X. Since (IH)d−1 contains the partial
derivative ∂f∂xi (x0, x1, x2, x3, 0) for i = 0, . . . , 3 and X ∩ V (x4) is smooth, we
have that I ′d−1 is base point free.
If hI′(k) < 2d − 3 − k for some k with d − 2 ≤ k ≤ 2d − 4. Then from
Corollary 2.5 it would follow that hI′(2d − 4) = 0, contradicting the fact
that hI′(2d−4) = 1. Hence hI′(k) ≥ 2d−3−k for every integer k such that
d− 2 ≤ k ≤ 2d− 4. Combining this information we obtain
pI = pI(2d − 4) ≥ hI(2d− 4) =
2d−4∑
i=0
hIH (i) ≥
2d−4∑
i=0
hI′(i) ≥ (d− 1)
2.
If pI = (d − 1)
2 then we have that hI equals the Hilbert function of
a complete intersection of degree (1, 1, d − 1, d − 1). Since I contains the
partials of f it follows that the linear system |Id−1| has finitely many base
points.
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Now I has two generators in degree 1 and two further generators in degree
d− 1. In particular these four generators defines a codimension four scheme
and hence these four generators form a regular sequence. The Hilbert func-
tion of the ideal generated by these four forms equals the Hilbert function of
I. Hence I is a complete intersection ideal, generated by f1, f2, f3, f4, with
deg(f1) = deg(f2) = 1,deg(f3) = deg(f4) = d− 1.
At each node of X the polynomials f1, f2, f3, f4 induce a local system of
coordinates. Since at each singular point of X the polynomial f vanishes
up to order two it follows that f is an element of the ideal generated by the
fifj with i ≤ j. These forms have degree at most d if and only if i ≤ 2. In
particular, f is in the ideal generated by f1 and f2 and therefore contains
the plane f1 = f2 = 0. 
Remark 4.2. The proof reveals also the following interesting observation.
Suppose I is the ideal of the nodes of a threefold of degree d with defect.
Then
hI(d) ≥
d∑
k=0
hI′(k) ≥
1
2
(d2 + 3d− 10).
Recall that Id is the tangent space to the equisingular deformation space of
X [11]. Hence it follows that any family of degree d nodal hypersurfaces
with defect has codimension at least 1
2
(d2 + 3d − 10) in Sd. Moreover, if
equality holds then the above proof shows that X contains a plane.
Consider now hypersurfaces containing a fixed plane P . They form a
family of codimension 1
2
(d + 1)(d + 2). Since the Grassmannian of planes
in P4 has codimension 6 it follows that the total family has codimension
1
2
(d2+3d−10). A general element of this family is of the form ℓ1f1+ℓ2f2 with
deg(ℓi) = 1 and deg(fi) = d− 1. In particular, a general element is a nodal
hypersurface. Hence the largest-dimensional family of nodal hypersurfaces
with defect consists of hypersurfaces containing a plane.
The bound we obtained for hIH (k) (for d − 1 ≤ k ≤ 2d − 4) is also used
in some of the proofs for the explicit Noether-Lefschetz theorem for surfaces
in P3 (e.g., see [10]). However, if n > 3 then Corollary 2.5 is insufficient to
deduce the explicit Noether-Lefschetz theorem. Similarly, we were not able
to deduce a good lower bound for the number of nodes to have defect from
this Corollary. To obtain an explicit Noether-Lefschetz theorem in higher
(even) dimension Otwinowska [14] proved a result on the Hilbert function
of ideals containing the ideal of a certain complete intersection. This result
seems still to be insufficient to obtain a sharp lower bound for the number
of nodes to have defect. However, Otwinowska’s result is strong enough to
determine the largest component of the locus of nodal hypersurfaces with
defect. Moreover, if the famous conjecture [7, Conjecture Vm] of Eisenbud,
Green and Harris on the Hilbert function of ideals containing a complete
intersection holds true, then the result of Otwinowska is strong enough to
deduce the minimal number of nodes.
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Notation 4.3. Let us define pn,d =
(d+n+1
n+1
)
−(n+1)(n+2). Then pn,d equals
the Hilbert function of a complete intersection of multidegree (1n+1, (d −
1)n+1) evaluated in degree d, if d > 2.
Consider a hypersurfaceX ⊂ P2n+2 of the form
∑n
i=0 xifi, with deg(fi) =
d − 1. If the fi are chosen sufficiently general then the singular locus is
x0 = · · · = xn = f0 = · · · = fn = 0. This is a complete intersection
of multidegree (1n+1, (d − 1)n+1). The tangent space to the equisingular
deformation space has codimension pn,d and an easy calculation shows that
this space is nonreduced, i.e., the actual deformation space has the same
codimension.
Theorem 4.4. Fix n ∈ N, n ≥ 2. Let DEFd ⊂ C[x0, . . . , x2n+2]d be the
locus of nodal hypersurfaces with defect. Then there exists a D such that if
d > D and L is an irreducible component of DEFd then codimL ≥ pn,d.
Moreover, if Conjecture 1 of [14] holds then we may take D = 2 and any
hypersurface in DEFd has at least (d− 1)
n+1 nodes.
Proof. Let X ∈ L. From Lemma 3.6 it follows that a general equisingular
deformation of X also has defect, i.e., L is also an irreducible component of
the equisingular deformation space of X.
Fix a general hyperplane H. Since X has defect there is a class γ in
H2n+2(X,Q) which is not the multiple of the intersection of classes of hy-
perplanes. The intersection product of γ with H yields a nonzero Hodge
class in H2n(XH ,Q)prim. The Noether-Lefschetz locus of hypersurface of
degree d in P2n+1 parametrizes hypersurfaces having a nonzero Hodge class
in H2n(XH ,Q)prim. In particular, we have a morphism from an open subset
of L to an irreducible component NL(γH) of this Noether-Lefschetz locus.
The differential of this map defines a map dH from the tangent space TXL
to the tangent space of NL(γH) at XH .
Let F be a defining polynomial for X. The tangent space TXL can be
identified with the degree d part of the saturation of the Jacobian ideal of F .
Without loss of generality we may assume that H = {x2n+2 = 0}. We have
that Jd(F )|x2n+2=0 is contained in TXH NL(γH). As explained in [14] there
exists an ideal I ⊂ C[x0, . . . , x2n+1], such that TX NL(γH) is contained in
Id and C[x0, . . . , x2n+1]/I is an Artinian Gorenstein ring with socle degree
(n+ 1)d− 2n− 2. Since XH is smooth we have that I contains a complete
intersection of multidegree (d− 1)2n+2. Hence we can apply [14, The´ore`me
1]. From this it follows that there is a constant D depending on n such that
for d ≥ D we have codim Id ≥
(d+n
n
)
− (n+ 1)2.
Let J be the ideal of the nodes of X. Then
J(F (x0, . . . , x2n+1, 0)) ⊂ J |x2n+2=0 ⊂ I.
If codim Id =
(d+n
n
)
− (n+ 1)2 holds then we have by [14, The´ore`me 1] that
I up to degree d coincides with a complete intersection ideal of multidegree
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(1n+1, (d− 1)n+1). In this case hJ(d) is at least
d∑
k=0
hI(k) =
d∑
k=0
(
k + n
n
)
− (n + 1)− (n+ 1)2 = pn,d.
If the codimension of Id is larger than
(d+n
n
)
− (n + 1)2 then NL(γH) is
different from the component of NL parametrizing hypersurfaces containing
an n-dimensional linear space. From [15] it follows that for d sufficiently
large, the largest component of this type consists of hypersurfaces containing
a quadric of dimension n. This locus has codimension
c0 :=
(
d+ n+ 1
n+ 1
)
−
(
d+ n− 1
n+ 1
)
−
3n2 + 9n + 4
2
.
If n ≥ 16 then the Macaulay expansion of c0 equals(
d+ n
d
)
+
d−1∑
i=4
(
i+ n− 1
i
)
+
(
n− 1
3
)
+
(
n− 5
2
)
+
(
n− 15
1
)
.
For n ≤ 15 we have that the the Macaulay expansion of c0 equals(
d+ n
d
)
+
d−1∑
i=6
(
i+ n− 1
i
)
+
5∑
i=1
(
i+ ai
i
)
with n− 1 ≥ a7 ≥ a6 ≥ · · · ≥ a1 ≥ −1.
Suppose now that n ≥ 16. Since c 7→ c<d> increases with c and
hJ (d)<d> ≥ hJH (d) ≥ c0
(Theorem 2.6) we have that hJ (d) is at least(
d+ n+ 1
d
)
+
d−1∑
i=4
(
i+ n
i
)
+
(
3 + n− 3
3
)
+
(
2 + n− 6
2
)
+
(
1 + n− 15
1
)
.
In particular, there exists a constant Cn depending only on n such that the
right hand side equals
(
d+n+1
d
)
+
(
d+n
d
)
− Cn. Therefore we have that for d
sufficiently large hJ (d) > pn,d holds. If n < 16 then a similar argument will
yield the proof for large d.
Suppose now that [14, Conjecture 1] holds. Let I ′ ⊂ SH be the ideal of a
complete intersection of multidegree (1n+1, (d−1)n+1). Then [14, Conjecture
1] implies hI(k) ≥ hI′(k) for all k ≤ (n+ 1)d − 2n− 1. In particular,
pJ ≥
nd−2n−2∑
k=0
pJH (k) ≥
nd−2n−2∑
k=0
hI′(k) = (d− 1)
n.
and
hJ(d) ≥
d∑
k=0
pJH (k) ≥
d∑
k=0
hI′(k) = pn,d.

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Remark 4.5. Otwinowska shows in [14] that [14, Conjecture 1] is implied
by the Eisenbud-Green-Harris conjecture on the Hilbert function of ideals
containing a complete intersection.
We switch now to the case of double covers.
Theorem 4.6. Let f ∈ C[x0, x1, x2, x3] be a squarefree polynomial of degree
2d, such that V (f) is a nodal surface. Let X : y2 = f be the double cover
branched along f . Suppose h4(X) > 1. Then X has at least d(2d−1) nodes.
If d ≥ 2 holds and X has precisely d(2d − 1) nodes then there exist forms
ℓ, g, h of degree 1, d and 2d− 1 respectively such that f = ℓg + h2.
Proof. Without loss of generality we may assume that XH = X ∩ V (x3) is
smooth, in particular, none of the nodes of X is contained in V (x3). Let
R = C[x0, x1, x2, x3] and S = C[x0, x1, x2]. Let I ⊂ R be the ideal of the
nodes of V (f). Note that the nodes of X correspond one-to-one with the
nodes of V (f). Moreover, since y is in the Jacobian ideal of X we have that
the Jacobian rings of X and of V (f) are isomorphic.
Since h4(X) ≥ 2 it follows from Proposition 3.7 that we have hI(3d−4) <
pI(3d − 4). Let IH ⊂ S be the ideal obtained by substituting x3 = 0 in I.
Consider the exact sequence
0→ (R/I)k−1
x3→ (R/I)k → (S/IH)k → 0.
As in the proof of Theorem 4.1 we obtain that hIH (3d − 3) > 0. Fix a
codimension one subspace W of S3d−3 containing (IH)3d−3. Define I
′ ⊂ S
by I ′e = {f | fS3d−3−e ⊂W} if e ≤ 3d− 3 and I
′
e = Se for e ≥ 3d− 2. Then
I ′ is an ideal, containing IH . Moreover S/I
′ is a Gorenstein ideal with socle
degree 3d− 3 and hence hI′(k) = hI′(3d− 3− k).
The linear system I ′2d−1 contains the partials of f specialized at x3 = 0
and since XH is smooth this linear system must be base point free. From
Corollary 2.5 we obtain that hI′(k) ≥ 3d−2−k for 2d−2 ≤ k ≤ 3d−2. Using
Gorenstein duality it follows that hI′(k) ≥ k+1 for k ≤ d− 1. Theorem 2.1
implies that hI′(k) ≥ d for d ≤ k ≤ 2d−2. Combining everything we obtain
pI = pI(3d− 3) ≥ hI(3d− 3) =
3d−3∑
i=0
hIH (i)
≥ 2
d−1∑
i=0
(i+ 1) + d(d− 2) = d(d+ 1) + d(d− 2) = d(2d − 1).
Suppose now that pI is exactly d(2d − 1). Then we have hI(1) = 3. In
particular there is a linear form ℓ that vanishes at all the nodes. If ℓ is a
factor of f then we can write f = ℓf1. All the nodes of V (f) are contained
in V (ℓ, f1) which consists of 2d − 1 points. Since we know that X has at
least d(2d − 1) nodes this cannot happen and therefore ℓ is not a factor of
f .
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Assume that ℓ = x3 and write f = f0(x0, x1, x2)+x3g(x0, x1, x2, x3). If p
is a node of V (f) then g vanishes at p and p is a double point of f0 = 0. If
f0 contains a component with multiplicity at least three then X contains a
singularity which is not a node, in particular, we can write f0 = f
2
1 f2, such
that f1 and f2 are coprime and both are squarefree. Hence the locus of the
nodes of V (f) consists of points p such that f1(x0, x1, x2) = g(x0, x1, x2, 0) =
0 together with points p such that g(x0, x1, x2, 0) = 0 and p is a double point
of f2.
Denote with ei the degree of fi. Then there are precisely e1(2d−1) points
of the former type and at most 1
2
(e2− 1)e2 points of the second type. Their
sum is strictly less than d(2d− 1) if e1 6= 0, 2d. If e1 were 2d then the set of
nodes of V (f) is also the set of nodes of a (reducible) plane curve of degree
2d. From [12, Proposition 3.6] it follows that then hI(k) = d(2d − 1) holds
for k ≥ 2d − 2, contradicting hI(3d − 3) < d(2d − 1). Hence e1 = d and f0
is a square. 
Example 4.7. In order to show that the bound d(2d − 1) for the number
of nodes is sharp, consider y2 = h2 + ℓg with deg(f) = d and deg(g) =
2d− 1. Then for general f, g, ℓ the singular locus is a complete intersection
of multidegree (1, d, 2d − 1), i.e., it consists of d(2d − 1) points. Moreover
ℓ = y − f = 0 defines a Weil divisor that is not Q-Cartier and hence the
double cover has defect.
5. The Ciliberto-Di Gennaro conjecture
In this section we prove the following conjecture for d ≥ 7:
Conjecture 5.1. Let X ⊂ P4 be a non-factorial nodal threefold of degree
d with at most 2(d − 2)(d − 1) nodes then either X contains a plane or a
quadric surface and if X contains a quadric surface then X has precisely
2(d− 2)(d − 1) nodes.
Note that for d = 1, 2 the conjecture is trivially true. If d = 3 then
2(d − 2)(d − 1) = (d − 1)2 and the statement follows from Theorem 4.1.
Hence this conjecture remains open for d = 4, 5, 6.
Note that in [4] Ciliberto-Di Gennaro proved a weaker form of this con-
jecture, namely they showed that if X is non-factorial and has at most
2(d− 2)(d− 1) nodes then X contains a plane, a quadric surface or a singu-
lar surface.
Lemma 5.2. Let I ⊂ S := C[x0, . . . , xn] be a homogeneous ideal such that
S/I is Artinian Gorenstein of socle degree N. Let dk be the smallest integer
t such that the dimension of the base locus of It is at most k. Then
n−1∑
k=−1
dk ≥ N + n+ 1
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Proof. The ideal I contains a complete intersection ideal I ′ of multidegree
(dn−1, . . . , d−1). In particular, I
′
k = C[x0, . . . , xn]k for k >
∑n−1
i=−1(di − 1).
Since I ′k ⊂ Ik and IN 6= C[x0, . . . , xn]N we have
∑n−1
i=−1(di − 1) ≥ N . 
Lemma 5.3. Suppose d ≥ 6. Let X ⊂ P4 be a nodal threefold of degree d
with at most 2(d − 2)(d − 1) nodes. Assume that X has defect. Let J be
the ideal of Xsing, H = {ℓ = 0} a general hyperplane, JH = (J, ℓ). Let I be
an ideal containing JH , such that S/I is Artinian Gorenstein of socle degree
2d− 4.
If hI(d − 4) ≤ 2d − 7 then Xsing contains a subset which is a complete
intersection of multidegree (1, 1, d−1, d−1) or of multidegree (1, 2, d−2, d−
1).
Proof. Let S ⊂ Xsing be a minimal subset such that the linear system of
polynomials of degree 2d − 5 vanishing at S has defect one. Let J = I(S).
Then hJH (2d − 4) = 1 and hJH (2d − 5) = 0. Let I be the ideal containing
JH , such that S/I is Artinian Gorenstein of socle degree 2d− 4.
Suppose that hI(d) ≤ 2d − 4. Then from the proof of [17, Proposition
1.1] in Section 1 of loc. cit. it follows that there exists either a line L or a
conic C such that Ik = I(L)k for k ≤ d− 4 or Ik = I(C)k for k ≤ d− 4.
Suppose first that Id−4 is the degree d − 4-part of the ideal of a line L.
Using the notation of Lemma 5.2 we have that d3 = d2 = d1 = 1. Since the
base locus of Id−1 is empty it follows that d0 ≤ d−1 ≤ d−1. From Lemma 5.2
it follows that
∑3
i=−1 di ≥ 2d+1. In particular, d0 = d−1 = d− 1 holds and
I contains a complete intersection ideal I ′ of multidegree (1, 1, 1, d−1, d−1).
Since both S/I and S/I ′ are Artinian Gorenstein rings of socle degree 2d−4
we have I = I ′.
We are now going to show that the base locus B of Jd−2 contains a plane.
We claim that every component of B has dimension at most 2, and that B
contains a component of dimension 2:
Suppose that first the base locus of Jd−2 would have dimension at least
3. Then hJ (d− 2) ≥ hP3(d− 2) =
1
6
(d+ 1)d(d− 1). This would imply that
hJ(2d − 4) = hJ (d− 2) +
2d−4∑
k=d−1
hJH (k)
≥
1
6
(d+ 1)d(d − 1) +
1
2
(d− 1)(d − 2)
> 2(d − 1)(d− 2)
contradicting the fact that the length of V (J) is at most 2(d − 2)(d − 1).
Hence the base locus B of Jd−2 is of dimension at most two. The base
locus of Id−2 is a L and is contained in B ∩H. Hence one of the irreducible
components of B is a plane P .
We will now show that P ⊂ X. For this it suffices to show that L ⊂ XH .
Recall that Jd is the tangent space to space of deformations of X where the
points in S deform to nodes. These equisingular deformations have then
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also defect. Hence IH ∩ V (x4) is contained in the tangent space T NL(γ)
of the component NL(γ) of the Noether-Lefschetz locus of smooth surfaces
of degree d in H. From standard arguments in Noether-Lefschetz theory it
follows that T NL(γ)⊗Sd−4 has codimension at least one in S2d−4 (see e.g.,
[10]). This space contains Id ⊗ Sd−4 and since I is generated in degree < d
it follows T NL(γ) ⊗ Sd−4 = I2d−4. From the results in [10] it follows now
that T NL(γ) = Id, and that the line L is contained in XH .
Suppose we are now in the case that Id−4 is the degree d− 4 part of the
ideal of a conic. Without loss of generality we may assume that the conic
is defined by x0 = x1 = f(x2, x3, x4) = 0. Since Id−1 is base point free we
can find two further elements f1, f2 ∈ I of degree at most d − 1, such that
x0, x1, f, f1, f2 form a regular sequence of multidegree (d3, d1, d1, d0, d−1).
From Lemma 5.2 it follows that d0 + d−1 ≥ 2d − 3. Since d−1 ≤ d − 1 we
have two possibilities, namely (d0, d−1) equals (d− 2, d− 1) or (d− 1, d− 1).
Suppose first that d0 = d − 2. Then I contains a complete intersection
ideal I ′ of (1, 1, 2, d − 2, d − 1). From I2d−4 = I
′
2d−4 it follows that I = I
′.
From this it follows that J is contained in a complete intersection ideal of
multidegree (1, 2, d − 2, d − 1). Using that pJ ≤ 2(d − 2)(d − 1) and that
pI′ = 2(d − 2)(d − 1) it follows that J = I
′ and that Xsing is a complete
intersection of multidegree (1, 2, d − 2, d − 1).
Suppose now that d0 = d − 1. Then I contains a complete intersection
ideal I ′ of multidegree (1, 2, d− 1, d− 1). From e.g. [14, Section 1] it follows
that if I1 and I2 are homogeneous ideals such that I1 ⊂ I2 and both S/I1 and
S/I2 are Artinian Gorenstein of socle degree N+k and N then I2 = (I1 : F )
for some form F of degree k. We can apply this to (I1, I2) = (I
′, I) and we
find that I = (I ′ : h) for some linear form h. Note that the base locus of
I ′d−2 consists of a conic. If the base locus of Id−2 is also a conic then we have
that hI(k) = 2k + 1 for k ≤ d− 2. Using Gorenstein duality we get that
2d−4∑
k=0
hI(k) ≥ 2
d−3∑
k=0
2k + 1 + 2d− 3 = 2(d− 2)(d− 1) + 1
Since JH ⊂ I it follows that pJ ≥ hJ(2d−4) > 2(d−2)(d−1), a contradicting.
Hence the base locus of Id−2 is not a conic. Since the base locus of Id−4
is a conic and the base locus of Id−2 is one dimensional we have that the
conic is a union of two line lines h1h2 = 0 and one of the lines, say h1 = 0 is
contained in the base locus of Id−2 and the linear form h = h2. Recall that
I = (I ′ : h2). Since h1h2 ∈ I
′ it follows that h1 ∈ I and therefore that the
base locus of I1 is contained in a line, a contradiction, hence d0 = d − 1 is
impossible. 
Lemma 5.4. Suppose d ≥ 7. Let X ⊂ P4 be a nodal threefold of degree
d with defect. Let J be the Jacobian ideal of X, H = {ℓ = 0} a general
hyperplane, JH = (J, ℓ). Let I be an ideal containing JH , such that I is
Artinian Gorenstein of socle degree 2d− 4.
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If hI(d − 4) > 2d − 7 then Xsing consists of at least 2(d − 1)(d − 2) + 1
points.
Proof. Let h(k) = 2k + 1 for k ≤ d − 3, h(d − 2) = 2(d − 2) and h(k) =
h(2d − 4 − k) for d − 1 ≤ k ≤ 2d − 4. Then h is the Hilbert function of a
complete intersection ideal of multidegree (1, 2, d − 2, d − 1).
Suppose that for some k we have that hI(k) > 2k + 1. Then from Theo-
rem 2.1 it follows that hI(j) > 2j + 1 = h(j) for 2 ≤ j ≤ k.
In our case we have that hI(d− 4) > 2d− 7. Hence hI(k) > h(k) for 2 ≤
k ≤ d−4. Using Gorenstein duality we get hI(k) > h(k) for d ≤ k ≤ 2d−6.
In particular, ∑
k 6=d−3,d−2,d−1
hI(k)− h(k) ≥ 2(d − 5) = 2d− 10.
From hI(d) ≥ 2d− 6 it follows from Theorem 2.1 that hI(d− 1) ≥ 2d− 7.
However, if hI(d− 1) equals 2d− 7 then hI(d) equals 2d− 6 and the Hilbert
polynomial of the base locus of Id−1 equals k + (d− 6) by Theorem 2.4. In
particular, the base locus of Id contains a line, which contradicts the fact
that it is empty. Hence hI(d− 1) ≥ 2d − 6. Similarly, if hI(d− 2) = 2d− 7
then Id−1 has a base component. Since Id−1 is base point free this is not
possible. This implies that
∑d−1
k=d−3 hI(k) − h(k) ≥ −4. In particular, if
2d − 14 > 0 then
∑
hI(k) >
∑
h(k) = 2(d − 2)(d − 1). This finishes the
proof in the case d > 7.
If d = 7 then
∑
hI(k) ≥ 2(d − 2)(d − 1). Suppose now that equality
holds. Then hI takes the following values 1, 3, 6, 8, 8, 8, 8, 8, 6, 3, 1. This
implies that the base locus in degree 1 and 2 is a plane. The base locus of I3
has dimension at most one. From Lemma 5.2 it follows that the dimension
of the base locus is at least one. Since hI(3) = 8 it follows that the base
locus of I3 is the intersection of two plane cubics having either a line or a
conic as a common component.
From Lemma 5.2 it follows that I contains a complete intersection ideal
I ′ of multidegree (1, 3, 4, 6), (1, 3, 5, 5), (1, 3, 5, 6) or (1, 3, 6, 6).
In the first two case we would have that the socle degree of S/I ′ is 10.
Since S/I has also socle degree 10 this implies that I = I ′. However I and
I ′ have different Hilbert functions, hence this is not the case.
If I ′ is of multidegree (1, 3, 5, 6) then there exists a linear form h such
that I = (I ′ : h). From this it follows that the base locus of I ′k is contained
in the base locus of I ′k−1 union with V (h). Note that the base locus of I
′
4 is
a cubic curve C and the base locus of I3 is the intersection of two cubics.
Hence the base locus of I3 is a conic Q = 0 together with a point and V (h)
is a component of C. Moreover we have that Qh ∈ I ′3. This implies that
Q ∈ (I ′ : h) = I, contradicting that hI(2) = 6, hence we can exclude this
case.
If I ′ is of multidegree (1, 3, 6, 6) then there exists a quadratic form h such
that I = (I ′ : h). From this it follows that the base locus of I ′k is contained
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in the base locus of I ′k−2 union with V (h). Note that the base locus of I
′
5 is
a cubic curve C and the base locus of I3 is the intersection of two cubics.
Hence the base locus of I3 is contains either a line L = 0 or a conic Q = 0,
and this curve is a component of C. In the first case we have Lh ∈ I ′3
and by construction that L ∈ I1, a contradiction. In the second case we
have that h = h1h2 and Qh1 ∈ I
′
3. This implies that Qh1h2 ∈ I
′
4 and that
Q ∈ (I ′ : h) = I. A contradiction. 
Theorem 5.5 (Ciliberto-Di Gennaro conjecture). Suppose d ≥ 7. Let X be
a nodal hypersurface of degree d, with at most 2(d − 1)(d − 2) nodes. Then
one of the following holds
(1) X is factorial.
(2) X contains a plane and X has at least (d− 1)2 nodes.
(3) X contains a quadric surface and X has at least 2(d − 1)(d − 2)
nodes.
Proof. SupposeX is not factorial. It follows directly from Lemma 5.3 and 5.4
that Xsing contains a complete intersection Σ either of multidegree (1, 1, d−
1, d − 1) or of multidegree (1, 2, d − 2, d − 1). In the first case Σ consists of
(d− 1)2 points in the second case of 2(d − 2)(d − 1) points.
Let f1, f2, f3, f4 be the generators of I(Σ), ordered by degree. Since the
points of Σ are on X it follows that f ∈ (f1, f2, f3, f4). Write f =
∑
hifi.
Since the points of Σ are in Xsing and the fi form a system of local coor-
dinates at each point of Σ it follows that hi ∈ I(Σ). In particular f is in
the ideal generated by fifj. Such a product is of degree at most d only if
one of i, j is at most 2. Hence f ∈ (f1, f2) and therefore X contains either
a plane or a quadric surface, depending on the multidegree of the complete
intersection. 
Remark 5.6. This result also implies Theorem 4.1. However, in the above
proof we used results from [17], which we can avoid in the proof of Theo-
rem 4.1.
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